The free flexural vibrations of rotating beam made of anisotropic laminated composite beam are investigated using a new three-noded finite element. The governing equations for the free vibration of rotating beam are derived using Lagrange's equation of motion. The element employed is based on shear flexible theory. It also includes inplane and rotary inertia terms. The formulation takes care of continuity conditions for stresses and displacements at the interfaces between the layers of a laminated beam. Numerical results for uniform rotating cantilever beam are presented by considering various parameters like slenderness ratio, modular ratio and rotational speed, etc.
INTRODUCTION
The dynamic analysis of structural elements like rotating blades in the design of rotorcraft, gas turbine and many other systems is important in evaluating the resonantlforced vibration characteristics and flutter behaviour with acceptable accuracy. By idealising the blades as cantilever beams, vibration study of rotating beam has received considerable attention. Analytical methods, such as Rayleigh-Ritz method'-3, Galerkin procedure4 and perturbation t d~h n i~u e~'~ are employed, whereas numerical solution like finite element method is used7,*. Beam made of different isotropic materials is analysed9. All these works are limited to the study of rotating isotropic beams.
T h e recent advances in design and manufacturing technologies have greatly enhanced the use of advanced fibre-reinforced composite for marine, aircraft and aerospace applications. Hence, studies related to rotating elements made of composite materials are the order of the day. Dynamic response analysis of composite laminated beam with rotational speed is carried out by chenlo, et a1 in time domain. However, to the authors' knowledge, there is no work available in the literature, except the work by Chen, et al. dealing with dynamic b e h a v i o u r o f r o t a t i n g laminatedlsandwich beam.
In the present study, the efficacy of a three-noded shear flexible beam element, developed recently1' for dynamic analysis is investigated by considering free vibration behaviour of single layered orthotropic and laminated anisotropic cross-plylsandwich composite rotating beams. This problem is analysed by retaining the degrees of freedom (DOFs) of the element pertaining to the flexural and axial deformations of the beam. The form~ilation includes rotary and inplane inertia terms. Since the transverse shear deformation is represented by cosine function, which is of higher order, there is no shear correction factor required. Detailed numerical result are presented considering different parameters.
FORMULATION
A laminated three-layered symmetric composite beam o f constant rectangular cross-section is considered with the coordinates x along the axis of the beam and z along the thickness 
In Eqn ( Free vibration frequencies and modeshapes are extracted from Eqn (9) by employing the standard Eigen value approach.
DESCRIPTION OF THE ELEMENT
The element used is based on Hermite cubic function for transverse displacement, w according to the C' continuity requirement, quadratic function for rotation, 8 and linear function for inplane displacement, u. Further, the element needs four nodal DOFs u, w, w , and 8 at both ends of the three-noded beam element, whereas the centre node has one DOF 8, shown in Fig. 1 .
The above choice of the functions allows to have the same order of interpolation for both w,, and 8 in the definition of transverse shear-strain and permits to avoid transverse shear locking phenomenon. The element behaves very well for both thick and thin situations. It has no spurious mode and is represented by correct rigid body modes.
RESULTS & DISCUSSION
In this section, the above formulation and element have been used to investigate the effects of slenderness ratio and orthotropicity on the free v i b r a t i o n behaviour o f laminated cross-ply/sandwich cantilever beam with rotational speed. Since the finite element used here is derived DEF SCI J, VOL 49, NO 1, JANUARY-1999 Table 1 ) and these were in good agreement. Furthermore, it could be noticed from Table 1 that the frequency increased with increase in rotational speeds. Also, one could see that the variation in the rate of increase in frequency was very high at lower speeds whereas it was negligible at higher speeds. This behaviour is because of the inclusion of stiffness contribution due to rotation, which is proportional to the square of the rotational speed, i.e., stiffness contribution due to rotational speed is dominant at higher speed compared to structural stiffness. Also, it was observed that the influence of rotational speed was more on the lower modes compared to the higher ones. For short beams ( L Ir, <lo), the behaviour was qualitatively similar to that of slender beams (L 1 r, 2 100). The increase in the natural frequencies due to the presence of the hub is significant as can be seen from Table 1 .
To start with, efficacy ..of the present Next, single-layered orthotropic and cross-ply formulation was evaluated by considering isotropic beams were considered for further studies. The rotating cantilever beam for which results are results obtained for orthotropic and cross-ply available. The non-dimensional natural frequencies beams are shown in Tables 2 and 3 , respectively. It h2 (= C O~(~A L~ I'EI)), calculated for different was inferred from these tables that the variation of isotropic or anisotropic) that fundamental natural frequency approaches to the value of rotational speed, when the rotational speed increases to a higher values. Finally, a sandwich beam having different modular ratio, C (id, ratio of material properties of skin and core), is analysed* for free vibration studies. Here, the material properties were kept constant for skin, whereas the core properties were effect of transverse shear of beam, at lower speed, on natural frequencies is predominant for orthotropic and sandwich cases, compared to that of isotropic case, as brought out in Tables 1-4 and it decreases at h i g h~r speed.
CONCLUSIONS
The effectiveness of the finite element developed by ~a n a~a t h i " , er a]. has been demonstrated by considering free vibration behaviour of rotating isotropic, orthotropic, laminated composite and sandwich bear&.-The results obtained indicate the significance of hub radius, slenderness ratio and modular ratio on the values of natural frequencies. The present formulation can be extended to study the nonuniform rotating beams with discontinuities and any combination of boundary conditions.
